Abstract. We study the number of integer solutions (x, y, l) of an equation F (x, y) = Π K (l), where F (x, y) is a homogeneous polynomial with integer coefficients and Π K (l) is a generalized factorial function over number fields. We show a necessary condition for the existence of infinitely many solutions. As a corollary, we obtain the finiteness of solution for P (x) = l!, where P is decomposed into irreducible polynomials of even degree.
Introduction
The Brocard problem, which is an unsolved problem in number theory, is to find integer solution (x, l) of the Diophantine equation x 2 − 1 = l!. So far, known pairs of solution are (5, 4), (11.5) and (71, 7). Overholt showed that if the weak form of Szpiro's conjecture is true, then the equation has only finitely many solutions [Ov93] . Moreover, Luca showed that for polynomial P (x) with integer coefficients of degree ≥ 2, ABC conjecture implies that the equation P (x) = l! has only finitely many solutions (x, l) [Lu02] . On the other hand, it is known that for m ≥ 3 the equation x m + y m = l! has no solution with gcd(x, y) = 1 except for (x, y, l) = (1, 1, 2) and x m − y m = l! has no solution except for m = 4 [EO37] . In 1973, Pollack and Shapiro showed that x 4 − y 4 = l! also has no solution [PS73] . In this paper, we study an equation F (x, y) = Π K (l), where F (x, y) is a homogeneous polynomial with integer coefficients such that (1.1)
where f j (x, y) = a j x 2n j + b j x n j y n j + c j y 2n j is irreducible and Π K (l) is a generalized factorial function over a fixed number field K, which is defined as Π K (l) = Na≤l Na = n≤l n a(n) ,
where a(n) is the number of ideals with their ideal norm Na = n [Ta18] .
In Section 2, we introduce two auxiliary lemmas. The first one characterizes the prime factorization of integers which can be written as F (x, y). This is one of the generalizations of Cho's results [Ch14, Ch16] . Cho characterized the prime factorization of integers written as x 2 +ny 2 or x 2 + xy + ny 2 with congruent condition for n ≥ 1. It is well known which primes are written as positive definite quadratic form f (x, y). There results are summarized in Cox's book [Co13] . The second one gives a Bertrand type estimate for primes having a certain fixed decomposition type. In a previous paper [Ta18] , we considered a Bertrand type estimate for primes splitting completely, which is the simplest case of the second auxiliary lemma. As one of the corollaries of the second lemma, we obtain a result on the distribution of prime ideal p with Np = p f . This result plays a crucial role in proving our main theorem. In Section 3, we give a necessary condition for the existence of infinitely many solutions of F (x, y) = Π K (l). As its corollary, one can obtain that for all polynomial P which is a product of irreducible polynomials ax 2n + bx n + c, there exist only finitely many solution of P (x) = l!. Berend and Osgood showed that for any polynomial P of degree 2 or more with integer coefficients, the equation P (x) = l! has only a density 0 set of solutions l [BO92] , that is,
Dabrowski showed that if A is square free then the equation x 2 −A = l! has only finitely many solutions (x, l) [Da96] . Thus our result improves and extends their results.
Auxiliary lemmas
Let f (x, y) = ax 2n + bx n y n + cy 2n be an irreducible homogeneous polynomial with the discriminant d = b 2 −4ac. If its coefficients a, b and c are relatively prime, it is called primitive. If
is the corresponding order to f (x, y). On the other hand, if f (x, y) is not primitive then it is not. To define the corresponding order in the non primitive case, we define the modified discriminant
is the corresponding order to f (x, y) with modified discriminant d mod .
Cho identified the representation of integers expressed as x 2 + ny 2 or x 2 + xy + ny 2 for n ≥ 1 under the congruence conditions x ≡ 1 mod m and y ≡ 0 mod m [Ch14, Ch16] . We remove this congruence conditions and consider generalized cases.
Lemma 2.1. Let f (x, y) = ax 2n + bx n y n + cy 2n be an irreducible homogeneous polynomial with modified discriminant d mod and g = gcd(a, b, c). Let N be an integer with If q i does not divide y, then
However, this is a contradiction to the assumption and we obtain q i |y. From the identity N = ax 2n + bx n y n + cy 2n and this result, q i |x for all i. Therefore, q 2n i |N holds. The same argument repeatedly for N/q 2n i leads 2n|l i . This proves the theorem.
Next we change the assumption of Lemma 2.1 and give a necessary and sufficient condition for integer expressed as f (x, y). We call an integer n is quasi-square-free, if the prime factorization of n equals of the form 4 α β, where α ∈ {0, 1} and β is square free. In the following, we assume that a is prime or 1 and the discriminant d is a quasisquare-free negative number. We characterize the prime factorization of integers which is expressed as f (x, y) = ax 2 + bxy + cy 2 .
Theorem 2.2. Let f (x, y) = ax 2 + bxy + cy 2 be a positive definite quadratic form with quasi-square-free modified discriminant d mod and g = gcd(a, b, c). We denote the corresponding order to f by O and the set of principal ideals of O by P O . Let N be an integer with 
where ℓ is
Proof. As well as in the proof of Lemma 2.1, we can assume g = 1 without loss of generality. We assume that there exists a pair (x, y) ∈ Z 2 such that N = ax 2 +bxy+cy 2 . We can obtain the second assertion by Lemma 2.1. Therefore, it suffices to prove the first and third assertion.
First, we prove the first assertion. If d ≡ 5 mod 8, 2|aN and y is odd, then d = b 2 − 4ac is odd, that is, b is. Therefore,
Since d ≡ 5 mod 8 we obtain
This contradicts to 2|aN and leads 2|y. From the identity aN = a 2 x 2 + abxy + acy 2 and this result, ax is even. Therefore, 4|aN holds. The same argument repeatedly for aN/4 leads 2|l.
Next we show third assertion. For aN = a 2 x 2 + abxy + acy 2 , aN = a 2 x 2 + abxy + acy
This ideal can be expressed as
Combine this with aN > 0, we obtain aN = x 2 + dxy +
y 2 . Therefore we get
Now we assume that a is a prime, so a|(x + y for some integer α. If we take y = β, then aN = x 2 + dxy +
2 . This proves the theorem.
As one of corollaries of Lemma 2.1, we obtain the following theorem.
Theorem 2.3. For a homogeneous polynomial F (x, y) such that
where f j (x, y) = a j x 2n j + b j x n j y n j + c j y 2n j is irreducible with modified discriminant d j,mod and g j = gcd(a j , b j , c j ). Let N be an integer with
where q i are distinct odd inert primes in Q( d j,mod ) for all j with gcd(q i , u j=1 a j d j,mod ) = 1 and p i are other primes. If N is represented by f (x, y) then gcd(2n 1 , . . . , 2n u )|l i for all i.
Proof. Assume there exists a pair (x, y) ∈ Z 2 such that N = f (x, y). Since q i |N = f (x, y), there exists a f j (x, y) such that q i |f j (x, y). It holds that q 2n j i |f j (x, y) for all j such that q i |f j (x, y) by Lemma 2.1. Therefore there exist non-negative integers a i,j such that l i = j 2n j a i,j and we obtain gcd(2n 1 , . . . , 2n u )|l i . This shows our theorem.
In the followings, we consider a Bertrand type estimate for primes corresponding to a conjugate class C of Galois group G by following the way of Hulse and Murty. They gave one of generalizations of Bertrand's postulate, or Chebyshev's theorem, to number fields [HM17] . We can obtain the following lemma, which gives a Bertrand type estimate for primes corresponding to C of G, by following their argument. 2 ) there is a prime corresponding to the conjugate class C of Gal(L/K) with p ∈ (x, Ax].
Next we consider the distribution of primes having the decomposition type (f 1 , · · · , f r ). Let p be a prime unramified in K. If the prime ideal factorization of (p) is
where the inert degree of p i is f i , we say that p has the decomposition type (f 1 , · · · , f r ). It is known that p and q have same the decomposition type in K if and only if in K gal . Now we denote by P(f 1 , . . . , f r ) the set of primes having the decomposition type (f 1 , . . . , f r ) in K.
Theorem 2.5. Let p ∈ P(f 1 , . . . , f r ). Let K gal be the Galois closure of K/Q with k = [K gal : Q]. For any A > 1 there exists an effectively computable constant c A > 0 depending only on A such that for p
2 ) there exists a prime ideal q with
Proof. Let p be a prime ideal with Np = p f and P a prime ideal lying above p. We denote the order of the decomposition group G P/p by l, then NP = p f l . From Lemma 2.4, any A > 1 there exists a constant c A > 0 such that for
2 ) there is a prime Q corresponding to C P with q f l = NQ ∈ (p f l , Ap f l ]. Since p and q have the same decomposition type in K, there exists a prime ideal Q with
Main theorems
In this section we give a necessary and sufficient condition for the existence of infinitely many solutions for F (x, y) = Π K (l). Now we define G p (l; K) = #{i | f i = l} and denote the set of primes which is inert in Q(
where f j (x, y) = a j x 2n j + b j x n j y n j + c j y 2n j is irreducible with discriminant d j . Let p be a prime having decomposition type (f 1 , . . . , f r ) in K such that G p (m; K) is odd for some odd m. If there exist positive integers a and b > 1 such that
Proof. We assume that G p (i; K) is odd for some prime p and some odd i. This prime has the decomposition type (f 1 , . . . , f r ) in K. Let m = min{i | G p (i; K) odd}. For all odd i < m, the number G p (i; K) is even. Let a(n) be the number of ideals with Na = n. It is well known that a(n) has the multiplicative property
The ideals a such that Na = p m is expressed by product of prime ideals
If a is expressed as p 1 · · · p s and the number of p t with Np t = p i equals a i , then we have a 1 + · · · + ma m = m. By considering the number of combinations with reputation, we get
Since m is odd, there exists an odd i such that a i is odd in each product.
, where e is an even number and o is an odd number, are always even. Therefore On the other hand, from Theorem 2.5, for p m > exp(c 2 k(log D) 2 ) there exist q ∈ P(f 1 , . . . , f r ) ∩ j P d j and a prime ideal q lying above q with Nq = q m ∈ (p m , 2p m ]. Also, q satisfies the conditions q ≥ exp(c 2 k(log D)
2 ). By the same argument as above,Π K (l) is not of the form in Theorem 2.3 for all l ∈ (q m , 2q m ) and there exist q 1 ∈ P(f 1 , . . . , f r ) ∩ j P d j and a prime ideal q 1 lying above q 1 with
2 ). This shows the theorem.
For special quadratic forms, we give a sufficient condition for existence of infinitely many solutions.
Theorem 3.2. Let K be a number field with n = [K : Q] and D its discriminant. Let f (x, y) = ax 2 + bxy + cy 2 be a positive definite quadratic form with quasi-square-free modified discriminant d mod , where a is a prime number or 1. We denote P d mod ,D = P d mod \ {p|D}. We assume that the class number of Q( √ d mod ) equals 1. If for all p ∈ P d mod ,D and for odd i, G p (i; K) is even, then the equation f (x, y) = Π K (l) has infinitely many solutions.
Proof. Let d be the discriminant of f . By the definition of modified discriminant, it is possible to use
We assume for all p ∈ P d,D and odd i, G p (i; K) is even. It suffices to show that the prime factorization of Π K (l) contains no prime p ∈ P d,D raised to an odd power. From the multiplicative property of a(n) we show a(p m ) is even for all primes p ∈ P d,D and odd m in the following. The ideals a such that Na = p m is expressed by product of ideals a with Na = p k (k ≤ m). As above, we have
Now we assume G p (i; K) is even for all odd i. As we remarked above, one of the binomial coefficients in the above product are even. Therefore, a(p m ) is a sum of even numbers, a(p m ) is also even. If G p (i; K) is odd for some p ∈ P d \ P d,D and some odd i, we denote m = min{i : odd | G p (i, K) is odd}. As we mentioned above, a(p m ) is odd. Chebotarev's density theorem says that for all number fields K there exist infinitely many primes splitting completely in K. Let q be a prime splitting completely in K. Then we have a(q k ) = If K/Q is a Galois extension with extension degree n, then f G p (f ; K) = n for all primes p unramified in K, where f is the inertia degree of p in K. Therefore, we obtain the following theorem. Proof. We denote the extension degree [K : Q] by n. As we remarked above, f G p (f ; K) = n for all primes p unramified in K, where f is the inertia degree of p in K. Thus for all primes p unramified in K, p f a(p f ) = p n . From Lemma 2.4, there exists a constant c 2 > 0 such that for x > exp(c 2 n(log D)
2 ) there is a prime ideal p with Np ∈ (x, 2x). For a prime ideal q in O K with Nq > exp(c 2 n(log D)
2 ), there exists a prime ideal q 1 with Nq 1 ∈ (Nq, 2Nq). By the same argument with the proof of Theorem 3.1, Π K (n) does not satisfy the condition in Theorem 2.3 for all n ≥ Nq > exp(c 2 k(log D)
We can obtain the following corollary for the case K = Q.
Corollary 3.4. Let P be a polynomial such that
where P j (x) = a j x 2n j + b j x n j + c j is irreducible. Then there exist only finitely many solutions (x, l) for P (x) = l!.
It was not known whether or not there exist only finitely many solutions P (x) = l! for any polynomial P of degree 2 or more with integer coefficients. Corollary 3.4 gives a solution for this problem partially.
